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Let G be a simple connected graph with n vertices and m edges.
Denote the degree of vertex vi by d(vi). The matrix Q(G) =
D(G) + A(G) is called the signless Laplacian of G, where D(G) =
diag(d(v1), d(v2), . . . , d(vn)) and A(G) denote the diagonal matrix
of vertex degrees and the adjacency matrix of G, respectively. Let
q1(G) be the largest eigenvalue of Q(G). In this paper, we ﬁrst
present two sharp upper bounds for q1(G) involving the maximum
degree and the minimum degree of the vertices of G and give a new
proving method on another sharp upper bound for q1(G). Then we
present three sharp lower bounds for q1(G) involving the maximum
degree and the minimum degree of the vertices of G. Moreover, we
determine all extremal graphs which attain these sharp bounds.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
LetG = (V, E)be a simple connected graph withn vertices andm edges. Denote the degree of vertex
vi by d(vi) or simply dvi . Let (G) =  and δ(G) = δ be the maximum degree and the minimum
degree of the vertices of G, respectively. The eigenvalues of G are the eigenvalues of the adjacency
matrix A(G) of G, denoted as λ1(G) λ2(G) · · · λn−1(G) λn(G). The Laplacian matrix of G is
L(G) = D(G) − A(G), where D(G) = diag(d(v1), d(v2), . . . , d(vn)) is the diagonal matrix of vertex de-
grees ofG. Its eigenvalues are denoted asμ1(G)μ2(G) · · ·μn−1(G)μn(G). SinceA(G)and L(G)
are well known, there are many results on their spectrum, see Cvetkovic´ and Rowlinson [3], and Zhang
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[13]. The matrixQ(G) = D(G) + A(G) is called the signless Laplacian ofG and rarely appears in the liter-
ature. The eigenvalues of signless Laplacian ofG are denoted as q1(G) q2(G) · · · qn−1(G) qn(G).
For any connected graph G, it is well known that Q(G) is a positive semideﬁnite matrix, that is,
all its eigenvalues are nonnegative. Furthermore, the largest eigenvalue of the signless Laplacian of
a connected graph is a simple eigenvalue, while the least eigenvalue of the signless Laplacian of a
connected graph is equal to 0 if and only if the graph is bipartite; in this case 0 is a simple eigenvalue
[4]. Several researchers have obtained that
μ1(G) q1(G). (1)
Moreover, Chen [2] derived from the Courant–Weyl inequalities the relation
2λ1(G) q1(G). (2)
These relations immediately imply that any lower bound on μ1(G) is a valid lower bound for q1(G)
and that doubling any lower bound on λ1(G) also yields a valid lower bound for q1(G). For instance,
the relation μ1(G) + 1 [10] implies
q1(G) + 1. (3)
Similarly, upper bounds for q1(G) yield valid upper bounds on μ1(G) and λ1(G). Recently, Oliveira et
al. show that many but not all upper bounds on μ1(G) are still valid for q1(G) [11]. In this paper, we ﬁrst
present two sharp upper bounds for q1(G) involving the maximum degree and the minimum degree
of the vertices of G and give a new proving method on another sharp upper bound for q1(G). Then we
present three sharp lower bounds for q1(G) involving the maximum degree and the minimum degree
of the vertices of G. Moreover, we determine all extremal graphs which attain these sharp bounds.
Lemma 1.1 ([7]). Let G = (V, E) be a connected graph, q1(Q) = q1(Q(G)) be the largest eigenvalue of
Q = Q(G), and Rv(Q) be the v-th row sum of Q . If P(λ) is a polynomial on λ. Then
min
v∈V Rv(P(Q)) P(q1(Q))maxv∈V Rv(P(Q)). (4)
Moreover, if the row sums of P(Q) are not all equal, then both inequalities are strict.
Lemma1.2 ([5]). Let B = (bij)n×n beanonnegativen × nmatrixwithn 2, ρ(B)be the largest eigenvalue
of B, and set α = mini bii. Then
ρ(B)max
i
⎧⎪⎨
⎪⎩
bii + α
2
+
⎛
⎝ (bii − α)2
4
+∑
j /=i
bijbji
⎞
⎠
1
2
⎫⎪⎬
⎪⎭ . (5)
Moreover, if B is irreducible with n 3, and at least two rows (two columns) of B contain more than one
nonzero off-diagonal entry, then inequality is strict.
Lemma 1.3 ([9]). Let B be a nonnegative n × n matrix with n 3, ρ(B) be the largest eigenvalue of
B, a =trB and b =trB2. Then
a
n
+
√√√√ 1
n(n − 1)
(
b − a
2
n
)
 ρ(B)
a
n
+
√√√√n − 1
n
(
b − a
2
n
)
, (6)
with equality on the left (right) of the inequality if and only if the n − 1 largest (smallest) eigenvalues are
equal.
Lemma 1.4 ([1,6]). Let G = (V, E) be a connected graph with n vertices and m edges, and let π =
(d1, d2, . . . , dn) be the degree sequence of G. Then
d21 + d22 + · · · + d2n m
(
2m
n − 1 + n − 2
)
, (7)
with equality if and only if G is a star graph K1,n−1 or a complete graph Kn.
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2. Sharp upper bounds for q1(G)
In this section, we present two upper bounds for q1(G) involving the maximum degree and the
minimum degree of the vertices of G with n vertices and m edges and give a new proving method on
another sharp upper bound for q1(G).
The following upper bound (9) was obtained by Liu et al. [8] (or Li et al. [7]), and the bound (8) is
obtained by a slight variation of the proof of (9) presented in [8] (or the bound (8) was obtained by Li
et al. [7]). However, we should note that the equality in (8) or in (9) holds if and only if G is a regular
graph but not a regular bipartite graph.
Theorem 2.1. Let G = (V, E) be a connected graph with n vertices and m edges, and  and δ be the
maximum degree and the minimum degree of the vertices of G, respectively. Then
q1(G)
δ − 1 +
√
(δ − 1)2 + 8(2m + 2 − (n − 1)δ)
2
, (8)
with equality if and only if G is a regular graph.
Theorem 2.2. Let G = (V, E) be a connected graph with n vertices and m edges, and  and δ be the
maximum degree and the minimum degree of the vertices of G, respectively. Then
q1(G)
 + δ − 1 +
√
( + δ − 1)2 + 8(2m − (n − 1)δ)
2
, (9)
with equality if and only if G is a regular graph.
Remark 1. It is easy to see that the upper bound (9) is better than (8) when m < 1
2
[2 +  + (n −
 − 1)δ].
Theorem 2.3 ([12]). Let G = (V, E) be a connected graph with n vertices and m edges, then
q1(G)
2m +
√
m(n3 − n2 − 2mn + 4m)
n
. (10)
with equality if and only if G is a complete graph Kn.
Proof. Clearly, tr(Q(G)) = d1 + d2 + · · · + dn = ∑v∈V(G) dv = 2m
tr(Q2(G)) = d21 + d1 + d22 + d2 + · · · + d2n + dn =
∑
v∈V(G)
(d2v + dv),
where tr(Q(G)) is the trace of Q(G). By Lemma 1.4,
∑
v∈V(G)
(d2v + dv)m
(
2m
n − 1 + n − 2
)
+ 2m.
Moreover, by Lemma 1.3,
q1(G)
2m +
√
m(n3 − n2 − 2mn + 4m)
n
.
Now suppose that equality in (10) holds for the graph G. Then inequality in (7) must be equality. By
Lemma 1.4, G is a star graph K1,n−1 or a complete graph Kn. Moreover, inequality in (6) holds, so G is a
complete graph Kn (again, by Lemma 1.3). Conversely, ifG is a complete graph Kn, then q1(G) = 2n − 2
attains the upper bound. 
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3. Sharp lower bounds for q1(G)
Firstly, based on a simple technique suggested in [8] (or [7]), we obtain two lower bounds for q1(G)
involving the maximum degree and the minimum degree of the vertices of G with n vertices and m
edges. Furthermore, we obtain another lower bound for q1(G) involving the maximum degree and the
minimum degree of the vertices of G from nonnegative matrix theory.
Theorem 3.1. Let G = (V, E) be a connected graph with n vertices and m edges, and  and δ be the
maximum degree and the minimum degree of the vertices of G, respectively. If m 1
16
[8(n − 1) − ( +
δ − 1)2], then
q1(G)
 + δ − 1 +
√
( + δ − 1)2 + 8(2m − (n − 1))
2
(11)
with equality if and only if G is a regular graph.
Proof. Since Q = D + A, we have Rv(Q) = 2dv. Note that Rv(DA) = Rv(D2) = d2v and Rv(AD) =
Rv(A
2) = ∑u∈V avudu = ∑u∼v du. Then
Rv(Q
2) = Rv[(D + A)2] = Rv(D2 + DA + AD + A2)
= Rv(D2) + Rv(DA) + Rv(AD) + Rv(A2)
= 2d2v + 2
∑
u∼v
du
= 2d2v + 4m − 2dv − 2
∑
uv
u /=v
du (12)
 2δdv + 4m − 2dv − 2(n − dv − 1)
= 2dv( + δ − 1) + 4m − 2(n − 1) (13)
= ( + δ − 1)Rv + 4m − 2(n − 1)
Therefore, for every vertex v ∈ V , we have
Rv(Q
2 − ( + δ − 1)Q) 4m − 2(n − 1).
By Lemma 1.1, we have that
q21(Q) − ( + δ − 1)q1(Q) 4m − 2(n − 1)
Solving this quadratic inequality, if m 1
16
[8(n − 1) − ( + δ − 1)2], then
q1(G) = q1(Q)
 + δ − 1 +
√
( + δ − 1)2 + 8(2m − (n − 1))
2
(11)
or
q1(G) = q1(Q)
 + δ − 1 −
√
( + δ − 1)2 + 8(2m − (n − 1))
2
. (14)
Since q1(G) + 1, inequality (14) does not hold. Then inequality (11) holds. Now suppose that
equality in (11) holds. Then all above inequality should be equalities. In particular equality in (13) holds,
so dv =  for all v ∈ V . Therefore, G is regular graph. Conversely, if G is k-regular, then q1(G) = 2k
attains the lower bound. 
The equality (12) is due to Liu et al. [8] or Li et al. [7].
Theorem 3.2. Let G = (V, E) be a connected graph with n vertices and m edges, and  and δ be the
maximum degree and the minimum degree of G, respectively. If m 1
16
[8(n − 1) − 8δ2 − ( − 1)2],
then
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q1(G)
 − 1 +
√
( − 1)2 + 8(2m + δ2 − (n − 1))
2
(15)
with equality if and only if G is a regular graph.
Proof. It follows from (12) that
Rv(Q
2) = 2d2v + 4m − 2dv − 2
∑
uv
u /=v
du
 2δ2 + 4m − 2dv − 2(n − dv − 1)
= 2dv( − 1) + 4m + 2δ2 − 2(n − 1). (16)
Therefore, for every vertex v ∈ V ,
Rv(Q
2 − ( − 1)Q) 4m + 2δ2 − 2(n − 1).
By Lemma 1.1, we have that
q21(Q) − ( − 1)q1(Q) 4m + 2δ2 − 2(n − 1).
If m 1
16
[8(n − 1) − 8δ2 − ( − 1)2], then
q1(G) = q1(Q)
 − 1 +
√
( − 1)2 + 8(2m + δ2 − (n − 1))
2
(15)
or
q1(G) = q1(Q)
 − 1 −
√
( − 1)2 + 8(2m + δ2 − (n − 1))
2
(17)
Since q1(G) + 1, inequality (17) does not hold. Then inequality (15) holds. If equality in (15) holds,
then equality in (16) holds, so dv =  for all v ∈ V . Therefore, G is a regular graph. Conversely, if G is
k-regular, then q1(G) = 2k attains the lower bound. 
Theorem 3.3. Let G be a connected graph of order n 3, and  and δ be the maximum degree and the
minimum degree of G, respectively. Then
q1(G)
 + δ +
√
( − δ)2 + 4
2
(18)
with equality if and only if G is a star graph K1,n−1.
Proof. By Lemma 1.2, it is easy to get that inequality (18) holds. Now suppose that equality in (18)
holds. Since G is connected, Q(G) is irreducible. By the condition of the equality in (5) holds, there
1G 2G
Fig. 1. Two graphs G1 and G2.
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(3) (11) (15) (18)
4 4.83 4.61 4.305.78 1G
 
2G 4 4.30 5  65.3
 
1q
 41.3
 (8)  (9)  (10)
 6  83.6
 62.5  46.5  24.7
 6
Fig. 2. Values of q1 and of the various bounds for the two graphs G1 and G2.
exists only one row (column) of Q(G) contain more than one nonzero off-diagonal entry. Then there
exists only vertex v with d(v) 2 for the graph G. Hence G is K1,n−1. Conversely, if G is K1,n−1, then
q1(G) = n attains the lower bound. 
Remark 2. The three bounds (11), (15) and (18) are incomparable. However, if m > 1
2
[δ2 + δ +
(n − δ − 1)], the lower bound (11) is better than (15). Note that
 + δ +
√
( − δ)2 + 4
2
 + 1 ⇔ δ  1.
Hence the lower bound (18) is better than (3). Moreover, the lower bound (11) is better than (3) when
m > 1
4
(2n − δ − δ + 2) and the lower bound (15) is better than (3) when m > 1
2
(n − δ2 + 1).
Example 1. Values of q1 = q1(G) and of the various bounds for the two graphs showed in Fig. 1 are
given (to two decimal places) in Fig. 2. It is easy to see that both Theorems 3.1 and 3.2 are applicable
to G1 and G2. Note that the lower bounds (11) and (15) are better than (18) and (3) in the case of G1,
while the lower bound (18) is better than (11), (15) and (3) in the case of G2.
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